The maximal dimension of Kummer spaces in tensor products of cyclic algebras plays a role in bounding the symbol length of algebras of given exponent. In this paper, we prove that the maximal dimension of a Kummer space in the generic tensor product of n cyclic algebras of degree 4 is 4n + 1.
Introduction
Let d be a positive integer, F an infinite field of characteristic prime to d containing a primitive dth root of unity ρ. A cyclic or symbol algebra over F of degree d is an algebra that has a presentation F x, y : x d = α, y d = β, xy = ρyx with α, β ∈ F × . Denote this algebra by (α, β) d,F . By the Merkurjev-Suslin Theorem [MS82] we get an isomorphism
Consequently every algebra of exponent d is Brauer equivalent to a tensor product of cyclic algebras. A natural question is what the minimal number of those cyclic algebras needed to express any given algebra of exponent d is. This number is called the symbol length.
In [Matar] an upper bound for the symbol length of central simple algebras of exponent d over C r fields was provided. In the proof the author makes use of the existence of an (nd + 1)-dimensional Kummer space in any tensor product of n cyclic algebras of degree d. More specifically, the author points out that for n ≥ d r−1 , the exponentiation form that Kummer space must be isotropic. Then he shows how the isotropy of the exponentiation form allows one to modify the tensor product so that at least one cyclic algebra is a matrix algebra. This motivates the study of maximal dimension of Kummer spaces in tensor products of cyclic algebras of degree d. Finding a larger Kummer space may result in a better upper bound, or alternatively, proving the maximality of nd + 1 may indicate that the upper bound is optimal.
We conjecture that the maximal dimension of a Kummer subspace in A is nd + 1. This is known if d = 2 for any n or if d = 3 and n = 1. No other cases are currently known in full generality. However there have been partial results in that direction, mainly proving that the formula holds in the generic case. The algebra A is generic if
is the function field in 2n variables over a smaller field K. In [CGM + ] it was proven that p + 1 is the maximal dimension of a Kummer space in the generic cyclic algebra of prime degree p, and in [Cha] it was proven that 3n + 1 is the maximal dimension of a Kummer space in the generic tensor product of cyclic algebras of degree 3.
The chief goal of this paper is to prove that the maximal dimension of a Kummer space in the generic tensor product of n cyclic algebras of degree 4 is 4n + 1. Since in [Cha, Theorem 4.1] it was shown that the maximal dimension of such a space is equal to the maximal dimension of a monomial Kummer space, we turn to studying those spaces, and the question translates into a combinatorial question as can be seen in the following sections.
Preliminaries
Let d, F and A be as before. Fix a representation of A as
of A is a vector subspace consisting of Kummer elements. If V is spanned by monomials then it is called a monomial Kummer space.
Let v 1 , . . . , v k ∈ A and 0 ≤ α 1 , . . . , α k . Write K α 1 ,...,α n for the set of (α 1 , . . . , α k )-ascending permutations in S α 1 +···+α k . Then the symmetric product is defined as follows: v
For example if n = 3 we get v 
Kummer spaces of dimension dn + 1 can be constructed in the following way:
. By induction one can show that each V k is Kummer: Assume V k−1 is Kummer. Then take arbitrary w ∈ V k . This element can be written as
The dimension of V n is dn + 1.
Monomial Kummer Spaces
Keep A as before and assume d = 4. We use the familiar i for the fourth root of unity instead of ρ. Denote by X the set of all Kummer elements in A. Construct the directed graph (X, E) by drawing
For any B ⊂ X denote by (B, E B ) the subgraph obtained by taking all vertices in B and all edges between them.
From now on suppose that B ⊂ X is the basis of a monomial Kummer subspace of A. Clearly for every two distinct monomials x, y ∈ B we have yx = i k xy for some k ∈ {0, 1, 2, 3}. We want to understand how the graph (B, E B ) looks like, so that we can bound the number of vertices in this graph, and consequently the dimension of the monomial Kummer space. Proof. Suppose yx = xy. Then
Subgraphs of Three or Four Vertices Lemma 4.1. Any z ∈ B can anti-commute with at most one other element in B.
Proof. Assume the contrary, that it anti-commutes with two different elements x, y ∈ B. There are two cases to check, x
Consequently x ❴ ❴ ❴ y , and so F x 2 = Fy 2 = Fz 2 . Since x, y, z are monomials, we can write them as
Let us consider x −1 y and x −1 z. Up to multiplication by a scalar, those elements are monomials with even powers of x k and y k for every k. Therefore they commute. From the equality x −1 yx −1 z = x −1 zx −1 y we obtain x −2 yz = x −2 zy, which means yz = zy, contradiction.
Proposition 4.2. For every three distinct elements x, y, z ∈ B, one of the following holds up to permutation on the elements:
is impossible for the following reason: If it holds then from the relations
Proposition 4.3. For every four distinct elements x, y, z, t ∈ B, one of the following holds up to permutation on the elements:
is impossible for the following reason: From the relation x * y * z * t ∈ F we obtain −4ixyzt ∈ F, which means that xyzt ∈ F. Since also x 2 yz ∈ F, we have tx −1 ∈ F, and so t ∈ F x, contradiction.
The graph x
is impossible for the following reason: From the relation x * y * z * t ∈ F we obtain (−4 − 4i)xyzt ∈ F, which means xyzt ∈ F. Since also y 2 xt ∈ F, we have yz −1 ∈ F, and so y ∈ F s, contradiction.
Cycles
Lemma 5.1. Suppose for some v 1 , v 2 , v 3 , v 4 ∈ B we have
Then for every other y ∈ B either y
Proof. By lemma 4.1 yv k = −v k y is not possible for any k. Suppose y G G x 1 and x 2 G G y . Then there is a three cycle
contradictory to Proposition 4.2.
Proposition 5.2. (cf. [Cha, Proposition 3.4]) There are no cycles of length other than four in B.
Proof. We already know that cycles of length less than four do not exist. Suppose there is
which is not possible. 
G G v 4 and so also by lemma 5.1 v 5 G G v 1 , which is a contradiction to the maximality of k. If k = 3, we have v 3 G G v 2 and so by lemma 5.1 v 1 G G v 2 , contradiction. In the case k = 4 we get since v 4 G G v 3 also v 1 G G v 3 and so there is a three-cycle
Let j be minimal such that v 1 G G v j . Similary as before we get the four-
.
By maximality of k we get k ≥ j − 2 and so v k+1 and v j−1 anti-commute both with x 1 , which is a contradiction to lemma 4.1.
Lemma 5.3. Suppose for some v
, then for any y ∈ B holds either y
Proof. By lemma 4.1 yv k = −v k y is not possible for any k.
If y G G v 1 , then to not get a three cycle, we also have y
Thus v 3 G G y and in order not to create a cycle of length 3, we must have v 4
G G y .
Maximal dimension of a Monomial Kummer space
The goal of this section is to bound the dimension of a monomial Kummer space, and deduce the same bound for any Kummer space in the generic tensor product of division algebras of degree 4.
Lemma 6.1. If B ′ ⊂ B is a subset of cardinality r satisfying for all x, y ∈ B either
Proof. Assume the contrary. Then there exists a cycle in B ′ , which according to Proposition 5.2 is of length 4 and contains pairs of anti-commuting elements, contradiction.
Lemma 6.2. Assume B contains {v
Then the set B generates a tensor product of n cyclic algebras of degree 4 and one quaternion algebra over F.
. Then the described tensor product is given by . Therefore, according to lemma 6.1, B = {v 1 , v 2 , . . . , v r } where v k G G v j for every 1 ≤ k < j ≤ r where r ≥ 2n + 1. Suppose that r > 2n + 1. Then the set B generates over F a tensor product of n + 1 cyclic algebras of degree 4
contradictory to the degree of A. Therefore r = 2n + 1. We want to reconstruct B, so we start with the path containing the elements of B ′ , and each such element v k has an anti-commuting partner v
We want to determine the other edges in this graph. Recall that every element can only anti-commute with at most one other element. Remember also that according to Proposition 4.3, there is no subgraph of the form
Let B k be the subgraph containing the vertices
. By ( * ) each B k is of one of the following types:
We shall now show that every possible combination leads to a contradiction.
B 1 is of type V or II:
In all the other cases we have v
. . , v 2n+1 generates by lemma 6.2 with l = 1 over F a tensor product of n cyclic algebras of degree 4 and one quaternion algebra, which is a contradiction. satisfies the requirements for lemma 6.2 and l = 2n + 1, which is a contradiction.
By 1 we know that B 1 is of type II or V. But then by 2 and 3 we get that B 2 is of type I. By 4 it follows that B 3 is of type II or V, etc. Now the number of blocks is even and so the last block, B 2n is of type I. But this contradicts 5. Proof. According to [Cha, Theorem 4 .1], the maximal dimension of a Kummer space in such an algebra is equal to the maximal dimension of a monomial Kummer space. In that paper the d is assumed to be prime throughout, but in that specific theorem the proof holds without changing a word for any integer d. According to the previous theorem, this dimension is 4n + 1.
